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Abstract: We study static BPS black hole horizons in four dimensional N = 2 gauged
supergravity coupled to nv-vector multiplets and with an arbitrary cubic prepotential. We
work in a symplectically covariant formalism which allows for both electric and magnetic
gauging parameters as well as dyonic background charges and obtain the general solution
to the BPS equations for horizons of the form AdS2×Σg. In particular this means we solve
for the scalar fields as well as the metric of these black holes as a function of the gauging
parameters and background charges. When the special Ka¨hler manifold is a symmetric
space, our solution is completely explicit and the entropy is related to the familiar quartic
invariant. For more general models our solution is implicit up to a set of holomorphic
quadratic equations. For particular models which have known embeddings in M-theory,
we derive new horizon geometries with dyonic charges and numerically construct black
hole solutions. These correspond to M2-branes wrapped on a Riemann surface in a local
Calabi-Yau five-fold with internal spin.
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1 Introduction
Four dimensional N = 2 gauged supergravity coupled to nv-vector multiplets admits
regular, static, BPS black holes which are asympotic to AdS4. For very particular choices
of prepotential, gauging parameters and background charges, there exists a remarkable
analytic solution [1] due to Cacciatori and Klemm (CK). These solutions can have spheri-
cal, flat or hyperbolic horizon geometries1 and can be interpreted in M-theory as M2-branes
wrapped on Riemann surfaces [14, 15].
To understand the structure of these new black holes we find it quite useful to compare
with the much better understood, asymptotically flat, single-center, BPS black holes in
N = 2 ungauged supergravity [16, 17]. These asymptotically flat black holes preserve eight
supercharges at infinity, four along the bulk of the solution and eight again at the horizon
where the usual enhancement occurs. While the scalar fields are unfixed at infinity, they
are typically fixed at the horizon giving rise to the moniker attractor mechanism.
For the black hole solutions of N = 2 gauged supergravity relevant to the current work,
the asymptotic AdS4 region will preserve all eight supercharges, while along the bulk of
the solution just two will be preserved and this is enhanced to four supercharges at the
1The CK solutions generalize the original solution which has constant scalars and hyperbolic horizon
geometry [2]. One can also couple nh-hypermultiplets and there is also a rich solution space [3] but in the
current work we will restrict our focus to vector-multiplets. There has been some futher study of these CK
solutions as well as related non-BPS AdS4 black holes [4–13].
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horizon. The vector-multiplet scalars will tend to be fixed at infinity as well as at the
horizon, albeit to different values; giving rise to a varying effective cosmological constant.
Whereas ungauged N = 2 supergravity is invariant under an action of Sp(2nv + 2,R),
the gauged theory should be covariant under this action of the symplectic group. To enforce
this covariance, one should work in a formalism which allows for magnetic gaugings. This
is a somewhat complicated issue, the basic idea is that one can introduce magnetic gauge
fields along with auxiliary tensor fields [18] but having said that, the explicit component
Lagrangian of N = 2 gauged supergravity with both magnetic and electric gaugings has
not been written out. It should nonetheless be possible to extract the relevant formulae
from [19]. In this work we follow the pragmatic approach of [6] and work with a theory
which is a straightforward symplectic completion of [20].
Using this symplectically covariant formalism we solve the algebraic BPS equations
for horizon geometries of the form AdS2×Σg with arbitrary electric and magnetic charges
within a theory constructed from a general cubic prepotential. Schematically, the horizon
equations express the charges and gauging parameters in terms of the scalar fields and
metric components, a solution to this system constitutes inverting these and solving for
the scalar fields and metric components in terms of the charges and gaugings. In ungauged
supergravity, black hole horizons in theories with a general cubic prepotential were first
systematically studied by Shmakova [21] where an implicit solution was provided up to
set of nv real quadratic equations for nv variables. In addition, when p
0 = 0, an explicit
solution was obtained. This has been extended in [22, 23]2 where the explicit solution
was found for situations where the special Ka¨hler manifold is a symmetric space, the final
answer being
SBH = pi
√
I4
(
pΛ, qΛ
)
(1.1)
where I4 is the quartic invariant (3.20).
The general solution obtained in the current work for black hole horizons in gauged
N = 2 supergravity is implicit up to a set of nv-holomorphic quadratic equations in
nv-complex variables. Due to this holomorphicity, the solutions space is non-empty and
at least zero-dimensional. These equations can also be explicitly solved when the special
Ka¨hler manifold is symmetric, giving rise to an analytic solution for the scalar fields and the
entropy. We find that the entropy is related to, but not equal to, the quartic invariant I4.
Our solution for the entropy depends on both the charges and the gaugings. We also find
an explicit solution when both one magnetic charge and one magnetic gauging parameter
vanish
p0 = 0, P 0 = 0 . (1.2)
It is of significant interest to show generally that these horizon solutions can be con-
tinued to the UV and connected to a BPS AdS4 vacuum. There is currently no general
analytic solution like the ungauged case, nonetheless we construct numerically a particular
example of interest, that which corresponds to an internally spinning M2-brane wrapped
on Σg in a Calabi-Yau fivefold.
2See also [24] for a very nice derivation.
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This paper is organised as follows. In section 2 we introduce the ansatz and review the
BPS equations for horizon solutions. We derive a form of the equations which is particularly
amenable to solution and expand these equations for a general cubic prepotential. In
section 3 we solve the BPS equations and consider in more detail the solution for symmetric
Special Ka¨hler manifiolds. We present the canonical STU mode example which can be
embedded in M-theory. We also numerically compute a particular dyonic black hole which
corresponds to a spinning M2 brane wrapped on a Riemann surface in a Calabi-Yau fivefold.
2 The algebraic fixed point equations
We largely follow the conventions of [3] but here we repeat the four dimensional black
hole ansatz:
ds24 = e
2Udt2 − e−2Udr2 − e2(V−U) (dθ2 +H(θ)2dϕ2) (2.1)
AΛ = q˜Λ(r)dt− pΛ(r)F (θ)dϕ , (2.2)
with
(H(θ), F (θ)) =

(sin θ, cos θ) : S2 (κ = 1)
(1,−θ) : T 2 (κ = 0)
(sinh θ,− cosh θ) : H2 (κ = −1)
(2.3)
and the scalar fields are radially dependant zi = zi(r). This ansatz is general enough to
describe asymptotically flat or AdS4 black holes however this work we will primarily be
interested in just the horizon geometries where the radial dependance is fixed.
The electric and magnetic charges are
pΛ =
1
4pi
∫
S2
FΛ , (2.4)
qΛ ≡ 1
4pi
∫
S2
GΛ = −e2(V−U)IΛΣq˜′Σ −RΛΣpΣ , (2.5)
where GΛ is the symplectic-dual gauge field strength
GΛ ≡ δL
δFΛ
= RΛΣF
Λ − IΛΣ ∗ FΣ . (2.6)
This ansatz works in theories with just electric gaugings, we develop below the generaliza-
tion needed to include magnetic gaugings.
2.1 AdS2 × Σg fixed point equations
The horizon of a static BPS black hole is of the form AdS2 ×Σg. This requires the metric
functions to take the form
eU =
r
R1
, eV =
rR2
R1
(2.7)
and all scalar fields are constants
zi(r) = zi0 . (2.8)
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When the theory has just electric gaugings, the horizon equations are [1, 3, 6]
pΛQΛ = κ (2.9)
e−iψLΛQΛ =
i
2R1
(2.10)
Z = eiψ R
2
2
2R1
(2.11)
pΛ = −2R
2
2
R1
Im
(
e−iψLΛ
)
−R22IΛΣQΣ (2.12)
qΛ = −2R
2
2
R1
Im
(
e−iψMΛ
)
−R22RΛΣIΣ∆Q∆ . (2.13)
We have introduced a certain phase eiψ of the supersymmetry parameter
A = e
U/2eiψ0A (2.14)
where 0A is an SU(2) doublet of constant spinosr satsifying the two projections
0A = iABγ
0B0 , (2.15)
0A = −
(
σ3
) B
A
γ010B . (2.16)
2.2 Symplectic invariant equations
Working with magnetic and electric gaugings requires introducing a fair amount of data
from special geometry and we have included the necessary background in appendix A.
A key result is that we can expand any symplectic vector in terms of (V, Ui) and their
conjugates. For example the background charges Q and gaugings3
Q =
(
pΛ
qΛ
)
, P =
(
PΛ
QΛ
)
(2.17)
can be expanded as
Q = iZV − iZV + iZ ıU ı − iZ iUi (2.18)
P = iWV − iWV + iW ıU ı − iW iUi (2.19)
so that
Z = 〈Q,V〉 , W = 〈P,V〉 , Zi = 〈Q, Ui〉 , Wi = 〈P, Ui〉 . (2.20)
Key objects for our analysis are the symplectic matricesM and Ω (see appendix A) which
together satisfy
ΩMV = −iV , ΩMUi = iUi . (2.21)
3In trying to formulate a sensible symplectic covariant notation we have slightly altered the standard
notation and denoted by QΛ what is typically denoted PΛ. Furthermore this is different still from the
notation in [6] where the gauging parameters were denoted G =
(
gΛ
gΛ
)
and L = 〈G,V〉. We hope the
interested reader will persevere regardless.
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Using these one arrives at the symplectically covariant horizon equations [6]
Q−R22ΩMP = −4 Im(ZV) (2.22)
Z = eiψ R
2
2
2R1
(2.23)
〈P,Q〉 = κ . (2.24)
Since the gravitino is charged, Dirac quantization implies
〈P,Q〉 ∈ Z (2.25)
while the BPS condition (2.24) selects this integer to be unity.
Eq (2.22) is itself a symplectic vector thus we can extract its components by contract-
ing (2.22) with V and Ui resulting in
W = i
R22
Z , (2.26)
Wi = i
R22
Zi . (2.27)
It is worth noting that (2.22)–(2.24) constitute 2nv+5 real equations for the 2nv+3 variables
{zi, R1, R2, ψ} so generically we expect there to be two constraints on the solution space
which is parameterized by (pΛ, qΛ).
In the limit P → 0 of vanishing gauging parameters, these equations reduce to the
attractor equations of ungauged supergravity, apart from (2.24) which should not be en-
forced in that limit. One qualitative difference in the gauged case is that the l.h.s. of (2.22)
depends on the scalar fields through ΩMP term which makes it somewhat more compli-
cated to disentangle these equations . The central goal of this paper is to decouple these
equations such that the scalar fields and radii are solved for in terms of the charges Q and
the gaugings P.
Using (2.26) and (2.27) we get
iR22P = iZV + iZV − iZ ıU ı − iZ iUi (2.28)
and so (2.22)–(2.24) are equivalent to
Q+ iR22P = 2iZV − 2iZ iUi . (2.29)
The derivation of (2.29) is a key step in this analysis as we have eliminated the dependance
of the scalar fields on the l.h.s. in (2.29), nonetheless there remains a dependance on R2.
Defining the holomorphic quantities
pΛ = pΛ + iR22P
Λ , (2.30)
qΛ = qΛ + iR
2
2QΛ (2.31)
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and using details from appendix A. We can expand (2.29) explicitly for an arbitrary cubic
prepotential:
p0 = 2ieK/2
[
Z + 12ieKDy,iZ i
]
(2.32)
pi = p0zi − 2ieK/2Z i (2.33)
q0 = −p0Dz + 6ieK/2Z iDz,i (2.34)
qi =
[
3pj − 6ieK/2Zj
]
Dz,ij . (2.35)
This system is 2nv+2 holomorphic equations for the 2nv+1 complex variables {Z,Z i, zi}.
This must be supplemented with (2.24) and in addition we must solve for R2. Like (2.22)–
(2.24) this generically this gives a system with 2 additional real constraints on (P,Q).
It is interesting that the variables which we formulate the equations in terms of, namely(
pΛ, qΛ
)
are almost objects which should be specified before solving any given background.
In particular
(
PΛ, QΛ
)
define the theory under consideration while
(
pΛ, qΛ
)
define the
vacuum selection sector, the glitch is of course that
(
pΛ, qΛ
)
also involve R2. Our strategy
is to solve for all variables in terms of
(
pΛ, qΛ
)
and then use our final equation to solve for
R2 in terms of the gaugings and the charges.
3 Solving the horizon equations
We now solve the horizon equations (2.32)–(2.35) for models derived from a general cubic
prepotential
F = Dijk
XiXjXk
X0
(3.1)
and with arbitrary charges Q and gaugings P. To this end, we construct using (2.32)–(2.35)
a set of nv holomorphic, quadratic equations:
Dijkp
jpk =
1
3
p0qi − 4eKDijkZjZk . (3.2)
We define
Πi = Dijkp
jpk − 1
3
p0qi , (3.3)
Ẑ
i
= 2ieK/2Z i (3.4)
so that (3.2) becomes
Πi = DijkẐ
j
Ẑ
k
. (3.5)
3.1 p0 = 0
When p0 = 0 we can explicitly solve (2.33):
eK/2Z i = ip
i
2
(3.6)
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and then from (2.35) we solve for the scalar fields zi
zi =
1
6
(
D−1p
)ij
qj (3.7)
where (
D−1p
)ij
Dp,jk = δ
i
k . (3.8)
We then obtain (R1, ψ) from (2.32):
Z = 6eK/2Dy,ipi . (3.9)
Finally we have the relation
0 = 2q0 +
1
6
(
D−1p
)ij
qiqj (3.10)
from which one can obtain R22 in terms of
(
pΛ, qΛ, P
Λ, QΛ
)
as well as one constraint on
the charges.
3.2 p0 6= 0
Assuming more generally that p0 6= 0 we can then solve (2.33) for zi
zi =
pi + Ẑ
i
p0
. (3.11)
Then (2.32) can be used to solve for Z and thus:
eiψ
R22
R1
=
p0
2ieK/2
− 6eK/2Dy,iẐ
i
. (3.12)
From (3.12) we can extract the solution for one radius R1 and the phase of the spinor ψ as
a function of the the charges, gaugings and the second radius (which governs the entropy)
(P,Q, R2). In principle once the solution for Ẑ
i
has been obtained one immediately obtains
zi from (3.11). The final step to obtain R2 is to solve (2.34), which one can show is
equivalent to
p0I2(p, q) = Ẑ
i
Πi (3.13)
where we have introduced the quadratic symplectic invariant
I2(p, q) = Dp
p0
− 1
2
pΛqΛ . (3.14)
This gives equations from both the real and imaginary parts, one of which can be used
to solve for R2 and the other gives a constraint on the charges. To extract a completely
explicit solution to (3.13), we will restrict to the case of Mv being a symmetric space.
Finally one must also impose the Dirac quantization condition (2.24).
It is important to check regularity of any resulting solution. There is an important
constraint on the scalar fields that the metric gi be finite and one must have R
2
2 > 0 so
that the spacetime metric is well defined. From (3.12) we see that R1 can always be taken
real since any phase is absorbed into eiψ.
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3.3 Symmetric spaces
When Mv is a symmetric space, we can solve (3.5) explicitly. The key object is the
contravariant three-tensor [25, 26]
D̂ijk =
gilgjmgknDijk
D2y
(3.15)
which for symmetric spaces is constant and satisfies
D̂ijkDj(lmDnp)k =
64
27
δi(lDmnp) , (3.16)
DijkD̂
j(lmD̂np)k =
64
27
δ
(l
i D̂
mnp) . (3.17)
The solution to (3.5) is then
Ẑ
i
= ±
√
27
64
D̂ijkΠjΠk√
D̂Π
(3.18)
where we have defined
D̂Π ≡ D̂ijkΠiΠjΠk
=
16
27
(
p0
)2 [I4(p, q) + 4I2(p, q)2] (3.19)
and we have introduced the familiar symplectic invariant
I4(p, q) = −
(
pΛqΛ
)2 − 1
16
p0D̂ijkqiqjqk + 4q0Dijkp
ipjpk +
9
16
DijkD̂
ilmpjpkqlqm . (3.20)
We are now in a position to unpack (3.13) and we get
2I2(p, q) = ±
√
I4(p, q) + 4I2(p, q)2 , (3.21)
the only regular solution takes the +-sign in (3.18):
0 = I4(p, q) . (3.22)
Recalling the definitions (2.30) and (2.31), then separating (3.22) into real and imagi-
nary parts gives two polynomials in R42
0 = a0 + a4R
4
2 + a8R
8
2 (3.23)
0 = a2R
2
2 + a6R
6
2 (3.24)
where the ai are quartic invariants of the diagonal action on the charges and gaugings. The
explicit expressions for the ai can easily be obtained from (3.20) but do not appear to be
particularly enlightening for our purposes. Having said that, we do have
a0 = I4(p, q) , a8 = I4(P,Q) . (3.25)
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If either a2 = 0 or a6 = 0 then for regularity, both must vanish. In this case, we have
R42 =
−a4 ±
√
a24 − a0a8
2a8
, (3.26)
and no extra constraint. Regularity implies that R42 > 0 which gives a bound on the space
of charges.
Otherwise, if both a2 6= 0 and a6 6= 0 we have
R42 = −
a2
a6
(3.27)
and the constraint
0 = a0a
2
6 − a2a4a6 + a22a8 . (3.28)
Again we have the bound R42 > 0. In general there are two constraints: (3.28) as well
as (2.24). It is only (2.24) where the genus of the horizon geometry (through κ) appears
and the genus is thus only important when regularity of the solution is imposed.
One can also use this explicit solution to obtain an explicit expression for Z (3.12) and
thus R1. It is of some interest to express this in a compact form in terms of the explicit
invariants of the diagonal symplectic action on (Q,P) [27].
3.3.1 Revisiting black hole horizons in ungauged N = 2 supergravity
While it is interesting to consider the limit P → 0 of the above solution to connect with
BPS black hole horizons in ungauged supergravity, this limit is not regular. Nonetheless
we note that the key equations in [21] are identical in form to (3.5) but real instead of
holomorphic. In that work the entropy is given by
S =
pi
3p0
√
4
3
(∆ix˜i)
2 − 9(p0pΛqΛ − 2Dijkpipjpk)2 (3.29)
where
∆i = 3Dijkp
jpk − p0qi (3.30)
is essentially identical to Πi in (3.3) and
x˜i =
√
12eK/2|Z|yi (3.31)
solve the set of nv real quadratic equations
∆i = Dijkx˜
j x˜k . (3.32)
We note that similarly as above, when Mv is a symmetric space one can solve (3.32) with
x˜i =
3
√
3
8
D̂ijk∆i∆k√
D̂ijk∆i∆j∆k
(3.33)
from which we find
S = pi
√
I4(p, q) . (3.34)
This provides an alternative derivation from that in [24] for the explicit entropy of BPS
black holes when the special Ka¨hler manifold is a symmetric space.
– 9 –
J
H
E
P02(2014)051
3.4 Embedding dyonic black holes in M-theory
The model with nv = 3 and prepotential given by
F = −X
1X2X3
X0
(3.35)
is commonly refered to as the STU-model. In gauged supergravity this model has
considerable complexity due to the gaugings
(
PΛ, QΛ
)
and the spectrum of solutions within
this model varies discontinuously with these gauging parameters.
For a particular set of gaugings, there is a known embedding of this gauged supergravity
theory into M-theory on S7 [28, 29]. This model is given by
PΛ = −(0, g, g, g) , QΛ = (g, 0, 0, 0) . (3.36)
If we rotate to another duality frame using
S =
(
A B
C D
)
, A = D = diag{1, 0, 0, 0} , B = −C = diag{0, 1, 1, 1} (3.37)
we get
F = −2i
√
X0X1X2X3 (3.38)
PΛ = 0 , QΛ = g , (3.39)
and so the gaugings in this frame are purely electric. There exists a remarkable analytic
solution [1] in this duality frame for black holes which are purely magnetic. The horizon
geometries which arise as the IR of these magnetic black holes are specified by three
independant charges; there is four charges and just one constraint (2.24), a2 = a6 = 0
and the radius R2 comes from (3.26).
More generally, from the computations above, we see that in this model the general
space of solutions is parameterized by six charges; the eight charges have two constraints,
one from (2.24) and the extra constraint (3.28). So for these dyonic configurations the
entropy comes from (3.27). One of course needs to check that a2/a6 < 0 but one finds that
this can generically be arranged.
While there is a nice analytic solution for the entire magnetic black hole in this duality
frame, we have been unable to find an analytic solution for the black hole with additional
electric charges. With non-trivial electric charges, the real part of the vector multiplet
scalars xi is turned on, which complicates significantly the formulae. Nonetheless we have
computed numerically the entire black hole solution for a particular choice of electric and
magnetic charges and Σg = S
2. The plots are shown in figure 1 and 2 for the radial variable
ρ = eUIR log r. The charges have been chosen to be
pΛ = (5,−1,−1,−2), qΛ = (0, 1,−1, 0) . (3.40)
With these choices of charges, we find that y1 = y2, x1 = −x2 and x3 = 0 along the whole
flow although one does not need to restrict to such a simple dyonic configuration.
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Figure 1. The metric functions U ′(ρ) and V ′(ρ).
y1 @ΡD
y3 @ΡD
x1 @ΡD
-4 -2 2 4
Ρ
0.2
0.4
0.6
0.8
1.0
Figure 2. The scalar functions y1 = y2, y3 and x1.
These black holes have a simple interpretation in terms of wrapped branes [14].
Consider the local Calabi-Yau five fold X5 which is the product of four line-bundles over a
Riemann surface Σg:
⊕3Λ=0LpΛ // X5

Σg
The four magnetic charges of the gauged supergravity are related to the Chern-numbers
of these line bundles and the BPS condition (2.24) is tantamount to c1(X5) = 0. The
additional electric charges which we have found in this work correspond to spin of these
M2-branes along the particular U(1) isometries of X5.
4 Conclusions
We have solved the horizon equations for BPS black hole in N = 2 gauged supergravity
with nv-vector multiplets by employing a generalization of the types of special geometry
techniques that have proved useful in the past for the study of BPS black holes in ungauged
supergravity. The level of detail of our solution is essentially equivalent to the state of the
art for ungauged supergravity but it is curious that our set of quadratic equations (3.5)
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are holomorphic whereas the similar equations in the ungauged case are real. This holo-
morphicity guarantees a non-vanishing solution space but one must still check regularity.
The constraint from the BPS Dirac quantization condition (2.24) is the only place in the
solution where the curvature of the horizon appears and there is one additional constraint
we found (3.28) which must be imposed on the charges and the gaugings. It would seem
that a reasonable strategy to further our understanding of black holes in gauged super-
gravity would be to continue to utilize the many tools which have been put to good use in
the ungauged theory, much as we have done in this paper. The study of higher derivative
corrections in the gauged case presents a formidable challenge.
By the general principles of holography, it is desirable to embed these black holes
into a UV complete theory of gravity such as string or M-theory, but currently the only
known embedding is for the particular STU-model discussed in section 3.4. While it would
certainly be a welcome development to derive quite general models of gauged supergravity
with vector multiplets from M-theory, in lieu of that, it is natural to include hypermultiplets
where there is a richer set of known embeddings (one can find numerous explicit examples
in [30–32]). Studying M-theory enbeddings might help understand the physical meaning
behind the combinations (pΛ, qΛ). These are a combination of charges, which specify the
vacuum selection sector and gauging parameters which appear in the action and define the
theory. The pairing does not appear to be so natural, it would be nice to have a physical
understanding of why the BPS equations have a neat form when this combination are used.
In this work we have largely focussed on the horizon geometries but it would be quite
helpful to have a general proof that such horizons can be UV completed to an N = 2,
AdS4 solution. In the case of the CK black holes where an analytic solution is at hand,
one can easily check that the range of magnetic charges for which a regular black hole
exists is identical to the range of charges for which a horizon geometry exists. One can
thus conclude that the CK solution space exhausts the space of magnetic black holes in
that particular gauged supergravity theory. It would be a significant development to have
analytic solutions for more general dyonic black holes much like the general solution is
known in ungauged supergravity. We hope to return to these and other issues in the
immediate future.
Acknowledgments
It is a pleasure to thank Mohab Abou-Zeid, Davide Cassani, Atish Dabholkar, Sheer
El-Showk, Boris Pioline, Martin Rocˇek and Brookie Phipps Williams for useful conversa-
tions and communcation. I would also like to acknowledge the collaboration with Michela
Petrini and Alberto Zaffaroni on related topics.
A Some special geometry
In this appendix we collect various formula for the special geometry of Mv the vector-
multiplet scalar manifold, essentially to establish a consistent notation. All this material
is well known but there are numerous different conventions in the literature. We have the
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cubic prepotential
F = Dijk
XiXjXk
X0
, (A.1)
where i = 1, . . . , nv and will often work with special co-ordinates
XΛ =
(
1, zi
)
, (A.2)
zi = xi + iyi , (A.3)
where Λ = 0, . . . , nv. We use the notation
Dz = Dijkz
izjzk , Dz,i = Dijkz
jzk , Dz,ij = Dijkz
k (A.4)
and similarly for (Dy, Dy,i, Dy,ij) etc. The metric on Mv can be explicitly given in terms
of Dijk:
gij =
∂K
∂τ i∂τ 
= −3Dy,ij
2Dy
+
9Dy,iDy,j
4D2y
(A.5)
gij = −2
3
Dy
(
D−1y
)ij
+ 2yiyj (A.6)
where K is the Ka¨hler potential and
e−K = −8Dy . (A.7)
The complex scalar fields zi of the vector multiplets are co-ordinates onMv but special
geometry requires consideration of certain sections of an Sp(2nv + 2,R) bundle over Mv.
These sections are denoted (XΛ, FΛ) however the more natural objects are the rescaled
sections:
V =
(
LΛ
MΛ
)
= eK/2
(
XΛ
FΛ
)
(A.8)
which satisfy
MΛ = NΛΣLΣ (A.9)
NΛΣ = RΛΣ + i IΛΣ . (A.10)
One should note that RΛΣ and IΛΣ are the gauge kinetic and topological terms in the
N = 2 Lagrangian. An explicit expression for NΛΣ is
NΛΣ = FΛΣ + 2i ImFΛ∆ImFΣΥX
∆XΥ
ImF∆ΥX∆XΥ
(A.11)
where
FΛΣ = ∂Λ∂ΣF . (A.12)
We also use the covariant derivative of the sections which are defined to be
Ui ≡ DiV = ∂iV + 1
2
(∂iK)V . (A.13)
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The components of Ui are
Ui =
(
f iΛ
hiΛ
)
(A.14)
and satisfy
hiΛ = NΛΣfΣi . (A.15)
Of particular importance is the symplectic inner product 〈., .〉
〈A,B〉 = BΛAΛ −AΛBΛ (A.16)
under which we have
〈V,V〉 = −i , 〈Ui, U 〉 = igi . (A.17)
This allows us to expand a symplectic section in terms of (V, Ui) and their conjugates. For
example the background charges are given by
Q = iZV − iZV + iZ ıU ı − iZ iUi (A.18)
so that
Z = 〈Q,V〉 , Zi = 〈Q, Ui〉 . (A.19)
Using (A.1) we can compute the components of V:
V =
(
LΛ
MΛ
)
= eK/2
(
XΛ
FΛ
)
where

X0 = 1
Xi = zi
F0 = −Dz
Fi = 3Dz,i
. (A.20)
The components of Ui are
(Ui)
0 = DiL
0 = −12ieKDy,ieK/2 (A.21)
(Ui)
j = DiL
j = eK/2
(
δji − 12ieKDy,izj
)
(A.22)
(Ui)0 = DiM0 = e
K/2
[−3Dz,i + 12ieKDy,iDz] (A.23)
(Ui)j = DiMj = e
K/2
[
6Dz,ij − 36ieKDy,iDz,j
]
. (A.24)
Further objects we use in the main computation are
M =
(
1 −R
0 1
)(
I 0
0 I−1
)(
1 0
−R 1
)
=
(
A B
C D
)
where
A = I +RI−1R
D = I−1
B = CT = −RI−1
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combined with the symplectic form
Ω =
(
0 −11
11 0
)
. (A.25)
Using these explicit expressions one can observe the property
ΩMV = −iV , ΩMUi = iUi . (A.26)
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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